Modeling, Simulation, and Optimization of a Production Line
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Summary. Modern production facilities are complex systems involving thousands of components and system
parameters. In this real world application we model a line for production and packaging of brown coal briquette
bundles. We concentrate here on the problem of how to produce bundles with guaranteed (minimum) weight with
minimal input of raw material. Variations of the incoming raw material parameters, the mechanics of the involved
machinery, and complex interdependencies are mathematically modeled and analyzed. Based on this a computer
model allows for simulation, parameter optimization, and minimization of input material. This results in a better
understanding of the overall performance of the facility and of the sensitivity and interdependence of the parame-
ters. Based on these investigations a considerable increase in production output could be realized by the industrial
partner.
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1 Introduction

Computer integrated manufacturing (CIM) has become a powerful tool to control production processes
and cut production costs. This is also true for the highly competitive energy market. Brown coal indus-
try therefore developed new high quality products like brown coal dust for use in power plants and
made great efforts to redesign classical products according to market needs and reduce production
costs.

In an extensive project the production of brown coal briquette bundles was thoroughly investigated

including the mechanical and thermal treatment of raw brown coal, pressing of briquettes, assembly of
layers and bundles, wrapping, palletizing and stacking of the produced material. Problems to be tackled
include control of briquette thickness and bundle weight, optimal conveyor belt system design and con-
trol of transport velocities and delay phases, optimal palletizing schemes, heat reduction for packed
material (fire protection!), quality control for long term stock etc.

The project included experiments to determine system parameters, mathematical and computer based
modeling, simulation (see fig. 1), and design of procedures for systems control and optimization.

In this paper we investigate how with a minimum of raw material input (minimum of rejects) bundles of
a given minimum weight can be produced. For some of the other aspects of the investigation see [2,3].

Briquettes are pressed in electric brown coal presses and have fixed width and height. Their thickness
was verified to be approximately normally distributed with an electronically controllable mean value
(adjustable target thickness). Varying weight and thickness of briquettes causes great problems in pro-
duction. 9 briquettes are assembled to a layer; the length of a layer (equal to the summed thickness of
the 9 briquettes) must be at ledsf,;,  and at népst, to be handable by the machines and to guaran-
tee stable bundles. 5 such layers form a bundle which must weigh at least 25 000 g — the guaranteed
minimum selling weight. A layer should therefore weigh 5 000 g on average. The weight of a layer var-
ies with the length of the layer. Therefore, instead of discarding a possible first layer with weight below

5 000 g (and realizing the loss of 9 briquettes) one might accept it hoping for one of the following 4 lay-
ers to make up for the missing weight. But if the first layer is far below 5 000 g many layers might have
to be tested (and rejected) before the first layer's missing weight is compensated. Obviously, the real-
ization of an immediate loss of a layer needs to be carefully weighed up against the possible loss of
many layers in the future; the machinery neither allows to reintegrate rejected layers into the production
process nor is it possible to reject layers — once they are accepted — at a later state.
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Fig. 1. (a) User interface (GUI) of simulation environment, (b) GUI with notation of the segments — illustrating

the complexity of the plant, (c) automated line for 25 kg-bundles, (d) schematic representation of a part of the
conveyor system

This means an (optimal) criteriop it can be

accepted as layer 1 of a new bundle, if it weighs lessythan

needs to be fixed: If a test layer weighs more/than
it is rejected.

More formally we have the following quality-control-algorithm (see also fig. 2,3). For given
0 <Opin < Opax andyy:=0<y; <...<y,<Yy5:=25000¢g:

(A1) i:=1, wtgrg =y,

(A2) Alayerl is grasped by the claw arm.
(A3) If the length of layel is not withifid;,, O]  reject it and go to (A2)
(A4) If the weight of layel is belovwitalrg reject it and go to (A2).
Otherwise, the layer with weight; ~ is accepted as layer of the bundle.
(A5) If i = 5 STOP, a new bundle has been packed.
P - i—1
(AB) Seti =i+1 Wi, =Y;— Zk: 1 W , go to (A2).
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1 layer = 9 briquettes  properties of layer Parameter values
length weight

qﬁ 4167mm  5000g ys=25000g
1]
o 409.2mm +49109g y,=20000¢g
I
@ 4250 mm +51009g y3=14950¢g
©
E 4333mm  +5200g y,= 9900g
- 411.0mm +4930g y,= 4800g

C | -

T »  25140g

layer

min  max length
409 mm 441 mm

Fig. 3. Example of a packed briquette bundle; only layers that could be
accepted for the given valuesf  are shown.

Results of measurements confirmed that the briquette thickness (length of briquette layers) may be con-
sidered normally distributed and that the weight of a briquette (briquette layer) is approximately pro-

portional to the briquette thickness (length of a layer) with the proportionality fgotor  (“specific
briguette mass”) in grams per mm constant on a short term scale.

2 Problem Formulation

The basic problem is to find optimal weight limitg, ..., y, ; optimal in the sense that a production

process according to (Al) to (A6) will result in a minimum of rejects or — equivalently — that a maxi-
mum number of bundles is produced from the input for given process parameters: Normal distribution

L ON(H,, GE) of the layer length, mean layer length  , specific briquette npass , minimal accept-



able layer lengthd;, and maximal layer lengdy, ., > 0,y - We introdyge=0 which helps to
simplify some formulae angs; = 25000 g is the (fixed) required minimal bundle weight.

Forp = Yy5/(59,,, the optimal parameters are easily seen tyb& id ; that is, any layer

minP
within the layer length tolerance can be accepted.

Additional requirements are needed to ensure that the problem is well-defined. The assumption

oz 15
56max

guarantees, for example, the existence of producible bundles. The following assumptions guarantee
finiteness of algorithm (Al) to (A6) and are not redundant:

Yo = 0, 0 < 6min < amax’
6minp S Yis1 Vi <6max P, i=01..4

0 < y5 < 53,0 O

The restrictions in (1) describe a linearly bounded paothen, partly closed set of feasible points
(Y, ---» Y4) - Existence of optimal points is therefore nontrivial; see section 5.

3 Mathematical Model

As motivated above we assume now that the layer lengths  and corresponding W¥ights  are inde-
pendently and identically normally distributed, i.e.

L ON(w, O'E), W=plL, W T Ny 06\,),
with mean valugl,, = Y p and standard deviatio, = 0, p . The density of the random variable
W then is
1 LK M
d(x) = Ce 2o

O/2T

and the accompanying distribution function is defined by the following expression:

(X — uy
d(x) = J'cl)(u)du = —EIL+ erf——=[1
Doy ~/200
d(X) is the probability that a layer picked at random has weight  at most. Ed(¢) denotes the
error function closely related to the Gauss error integral:
2 X
erf(x) = = (e tdt
e
The probability that a gripped layer is accepted in step (A4), i.e. it has at least the \Ml-'t‘ég&]t and its

length lies within the tolerance intera, i, Onaxd - iS:



p(Wtiarg) = P(L O [6min’ 6max] DW= Wgarg)
P(W D [maX{ 6minp1 W]i;arg}' 6maxp])

5p if W{arg 2 OaxP
EFD(amaxp) — ®(max 6minp, Wtiarg} ) otherwise

)

The acceptance probabilitgg([)  is continuous Bh , but the derivatiye( ¥ has jump discontinui-
ties in 9,0 andd,,P - The minimum weight a layer must have to be acceptable asilayer in step

(A4) of the algorithm isw{arg and it depends on the weight of the already accepted layers
1 o i i i—-1
Wtarg = Yo Wtarg = Yi~ Zk - 1Wk' ©)

Let Al :=Ai(y1,...,yi)D R denote the set of acceptable tuples of layer weights

(W, ..., w)TO R, ie.

Al = [max{ yinPs Yi}s OmaxP] = [V OmaxP]
0 i—1 0 ]
A= g Wy w)T Wy, ow_)TOA-L w0 {maxg%mp, Yi— z Wkgémaxp}g
k=1

OO

i =2345

From the above definition Al (or the definition of the algorithm in section 1) we conclude

i—1
Yi_1 S 2 Wi
k=1

which together with (1) implies
i—1
Yi— z W = Yi—VYiog < 6maxp’
k=1

such that theAl  have nonempty interior, are closed and linearly constrained, in particular convex
(1<i<h).
X; denotes the random variable which describes how many randomly picked layers have to be tested

until one is accepted at thé!h  location of the bund/

targ (probability density function

¢{arg 'R - [0, 1]) is the random variable whose realization/\'rfbarg . The probability distribution of

the discrete random variabl, , for given vawgrg , is then given by the following expression.

D(Xi = j|W'£arg = Wtiarg) = [1_ p(W’iarg)]j_lp(Wtiarg)’ J D "\

Summing ovelj gives



0

E(Xi|\Ntiarg = Wtiarg) - Z j EP(Xi = j|W{af9 = Wtiarg) - (Wi, @
S P(Wearg,

and the expectation value is given by the integrals

_ 1
B = 5@ — o0y
1 i
[0 0. (B Gorisan | -
i =12 34

E(Xi,q) = & _
[®(wy) O... b (w;)dA
Ai

The formula forE(X;) can be concluded directly from (4) with (2) and (3), since the only possible

i
value of Wi, 4

The observed weightéw,, ..., w;)  of layers already accepted by the algorithm are realizations of an

isy; inthis case. The formula f&(X;, ;) results from the following consideration.

i -dimensional random variab@V,, ..., W,) . The corresponding density is given by

0 6wy O Cb(w)
W(wy, ..., W) = ;ﬁ(wl) 0. G (w;)dA
O

for wy, ..., w; O A

]

0 otherwise.

O

Then by definition the expectation valk€ X; | ;) is given by

[6(wy) .. T (w) —Li  gA

E(Xi+1) = IL[E(Xi|Wtiarg: Wiag) DP(Wy, o w)] = & p(Wtarg)
' [(wy) .. Cp(w)dA
Al

which proves (5).
In greater detail the expectation values are:

émax
P o (wy) .
_I p(y2 — Wl) 1 6maxp W
E(X,) = L = E(X,) O Mw (6)

2 e 1 I p(y,—wy) -

f o (wy) dw, Y1

Y1

6max 6max

i i O (W) (W)
j’ j dw,dw,
max{ &,,; —-w;} p(VS_Wl_WZ)

E(Xs) = yélmaxp mgmyzp 1 )

I I b (wp)d(wy) dw,dw,

Y1 max{ Oy, Y2 — Wi}



émaxp émaxp

b (wy) (W) (ws)
I ...6 I D(V4—W1—W2—W3)dW3“dW1
E(X4) = Vlémzpax{ minP Vaé;a\’:g — Wy} (8)
[ [ WO (ws) dws..
Y1 maxX{ dminP; Y3 — Wy — Wy}
OmaxP OrmaxP
O (W) o (W) (W3)d(w,) dwe .
| J P(Ys—W; —W, —Wg—w,) 471
E(Xsg) = vémaigax{ OninPs Ya _es :alxg W, —Wa} ©)
I I d(Wp)d(Wy)d(Wg)d(W,) Ow,.. dw,

Y1 max{ O, Ya =Wy — W, —Ws}

It is far from obvious that the above expressions are well-defined. The consyainis-y; < 8,,.°

(see (1)) come into play here. The estima{grg =y - z:(;llwk S Vi—Vi_1 < OnaP  shows
that the lower integration limitsnax{ d,,;,P. Wtiarg} never coincide with the corresponding upper lim-

its. For the same reason probabilig(wtiarg) is always positive. Thus, all denominators are positive
and the expectation valu&( X;)  are well-defined.

In casey; = Y,_;+90,,,0 forsomeé X<i<5 )the weightlimi; is not significant since any
layer within length tolerancéd, i, 92 1S acceptable. In analogy to (4) the expectation reduces in
this case to

1

2(Xi| Wiarg = BinP) = > 1P = I [Wiarg = 3inP) = P(OminP>

i=1
Our aim is to fix the real parameteys, ...,Y,  such that the expected number of layers needed for the

composition of a bundle becomes minimal. This can now be formalized as the following nonlinear opti-
mization problem.

Optimization Problem

For fixed real numberd i, Omax P ¥5 angy:=0 with<d, ;<O alKys;<50. .0
minimize the objective function
5
O(Y1 Yo Y31 Ya) = Z E(X)
i=1
ne 0
m 0 10)
on C = % Yo aminp S Yi+17Yi . 5maxp’ %
0y, 1=01..4 0
i O
[(11Y4 O
O 0

whereE(X;) is defined as in (5) or (6) to (9).



4 The Objective Function

Numerical optimization methods are, as a rule, more efficient if far-reaching requirements on the objec-
tive function (continuous, differentiable) and the feasible point set (bounded, closed) are fulfilled. We
therefore check the objective function for some of these properties in the sequel.

The objective functiorO is continuous d@  singg¢l) is positive®n . Furthern@re, s positive
on C and it can even be shown thia( Xi) >1 | since the integration limits do not coincide, the func-

tions ¢ () andp() are positive on the domain of integration (@} <1  Coni =(2,3, 4 5 ).
To investigate the differentiability of the functiod®  with respect to the variajglgs.., Y, turns out
to be much more difficult.

Let us take a closer look &(X;) . For the partial derivative of the inner integral of the denominator of

E(X3) with respect toy, we get

OmaxP O
0 0 —¢(w —wW,) if yo>w, +9d,.
- [ d(W)d(Wy) dw, = 0 O (Wp) (v, —w,) _f Y2 > Wy 6m|np.
2 max{ 8, 0, Vo= Wy} E 0 IT Yo <Wyq + OpinP

This follows from Leibniz rule for the derivative of an integral with variable integration limits (see
Appendix 9.1). Since we get different limits for the two cases the intetpas not hava continuous

derivative with respect ty, and it seems reasonable to suspe€@ that s not differentiable.

However, a detailed examination shows tRat s (totally) differentiable in contrast to this expectation.
This is a result of the fact that the jump discontinuity in the derivative of the integral with respect to

Y, (see equation ) is smoothened by the following integration with respagtto  (!!). We get:

Lemma 1 The objective function of problem (10) is (totally) differentiable with respect to the parame-
tersy; ,i = 1,...,4 . The set of all feasible points is bounded and the intersection of a finite number
of partly open, partly closed half-spaces.

Proof The properties ofC follow directly from (1) and (10). The continuity ©f  has already been
shown. We prove now that di(X;)  have continuous partial derivatives fyy all

For E(X;) this follows from

I D)
[ q)(amaxp) - q)(yl)] 2

Let us now look at the partial derivativesi{X,) . With Leibniz’ rule (Appendix 9.1) we get

09
ay,

E(X1)

9 E(x,) = iE(X)Damaxp—q)(Wl) dw, — E(%;) 020D
ly, = 2 oy, = * Jp(vz—wl) 1 Y by, - Ve,



Since Y,—Y;<0,.P the denominator p(y,-Y;) is positive. From (1) follows
Yo —W; S Y, —Y; <940 such thatp(y, —w;) # 0 in the integration area and the integrand is well-

defined and continuou&(X,) has a continuous partial derivative with respgct to

Because of the jump discontinuity ofp(y,—w;)/0y, i, —wW; = 0,0  Leibniz’ rule is not
applicable in derivingE(X,)/dy, . The extended Leibniz’ rule (Lemma 4, Appendix 9.1) is applica-
ble, though, sinc@p(y,—w;)/dy, is continuous for, —w; <9d.P  and fgs—w,; =9 ...P

and despite the discontinuity @f()  we get the continuity of

Omaf
0 _ ¢ (wy) Py, —wy)
EE(XZ) = —-E(X)) \‘[ [P(Y,—Wp)I2

W,

on C. Sincew; >y, -0 impliep'(y,—w;) = 0 we even have

minP
mln{ 6maxpv y2 - aminp}

0

—E(X,) = E(X

W, (X2) (X1) I

1

b (wp)d(y,—wy) d
[p(y,—w,)]?

Thus the partial derivatives &(X,)  are well-defined and continuous.

Let us now consider the partial derivativesiB{ X3) . As abdfz X3)/ dy, is seen to exist and be
continuous. Next considerdE(X;)/ 0y, . Despite the discontinuity of the derivative of

max{ &,,;,P, Y, —W;} fory, = w, +0.,,0 the extended Leibniz’ rule is applicable again which
gives us continuity of

6I'T]a)([:) 6maxp

w w
o [ PMIOWD)
iy, P(y3—W; —W,)
Y1 max{ P, Yo — Wy}
6maxp 6maxp
_ b (wy)d(wy)
= .[ — I dw,dw,
ay, p(y3—wWq—W,)
Y1 max{ 8pinP, Yo — W1}
OmaxP
0 o (wy)d(max{ d.,i,P, Yo —W1})
= — —max{d...p, Vo, —W,} [
J ayz { mlnp y2 1} p(y3—W1—max{ 6minp' y2—W1}) ]
1
Similarly the continuity of the partial derivative of the denominator is seen g?ndi(xg) is
Y2

continuous. Again the derivative can be further simplified:

6malxp 6ma><p min{ 6ma><pv Y2— 6minp}
) o (wy)d(w,) _ i o (W) (y,—w,)
— I I dw,dw,; = — I dw,
Y, P(Y3—W; —W,) P(Y3—Y>)
Y1 max{ dy,P, Yo — Wi} Y1



Let us now look at the partial derivative &(X3)  with respectytp . Discontinuitie'¢f) are
causing problems again. The derivatipg [} is continuous except for the pmj%s: OinP and

Wtiarg = O Wherep'([) has jump discontinuities. Because of the integration limits in the numera-

tor of E(X3) we get

/3= Wy =Wy SY3=Y; = (Yo—W;) = (Y3—V2) = (Y1 = W) <O (11)

from (1). Therefore the upper jump discontinuity is not relevant hereyQuwtw, —w, = 0,0 is
not excluded. The assumptions of the extended Leibniz' rule are valid with a discontinuity of
p(yz3—w;—W,) iny;—w; =W, = 9., which proves continuity of

6maxp 6mﬂxp
W W.
0 [ [ b (wp)o(w,) i,
0y, P(Y3—W3—W,)
Y1 max{ 8yinP, Yo — Wi}
6ma>(p 6ma><p

_ ¢ (W) (W,) P'ys — Wy —Wy) i,

[p(y3—w, —-W,)]2

Y1 max{ dmin: Y2 — Wi}

Defining ad hoc a modified integral operator

b E b )
f f(x)dx:= af(x)dx if a<b
a E 0 otherwise

we can further simplify this:

6ma><p 5maxp

b (wq)d(wsy)
0y, I .[ Py —W; —W,)

Y1 mMax{ dynP, Y2 — Wy}
6maxp mln{ 6maxpv Y3—W;— 6minp}

dw,dw,

_ O (W) o (W,)d(y3—w; —W,)
I 1 [PV — vy W2

Y1 max{ 6minpl Yo~ Wl}

dw, dw,
(11) implies that the denominator of the integrand is positive and the integration interval of the inner
integral is nonempty.

The differentiability of E(X,) andE(Xg) is seen in analogy. See Appendix 9.3 for a complete listing
of the derivatives. 0

5 Existence of Minima

Since the constraint s€€  of our optimization problem (10) is not compact existence of optimal points
cannot be guaranteed at this point. The problem is not just theoretical: If an optimization algorithm gen-

erates a sequence;?'n = (YD Y2 Y5 YDno n of parameter values approaching a point

10



lim \7” = ?DD dC on the boundary ofC , the expectation valf X;) is not defined for the limit

n - o

?/D, if 1im (yP=y"_1) = 8,20 Y§ =0 holds. In this casep(y;-— Wtiarg) = 0 would appear in
n — oo

the denominator of equation (5). In this section we prove that the level sets of (10) are closed which
guarantees that the problems sketched above cannot occur and that optimal points exist.

Let us try to understand the situation intuitively: With weight limity! y" ,

V=0t Y1 <OnaP TY' and accepted layers with weightwf, ..., w ; and

Z_ 1W]n -y ; = O atested layer must weigh almost exaddy,..0  to be acceptable asilayer in
J =

this situation: A weight abové,,,0 is not acceptable because the length tolerance criterion is vio-

. i .
lated and only a weight close .0 guarant%s_ lW'j” =y . This means that on average many
J =

layers have to be tested until one is acceptable as layer . On the other hand the situation
i-1 . . . T . . .

z_ 1anzyi'”_l itself is unlikely and intuition is not reliable to decide whethg(X;) remains
J =

finite or not. The precise answer is given in the following

Lemma 2 Let?/n = (Y1, Y5, Y5, Y4),, o p be asequence of feasible parameter values. If there exists at
least one index  withlim (y"—yl ;) = 8,0 Wwherg]:=0 the sequence of the objective func-
n — oo

tion values is unboundedim O(yY, y5,y5,y}) = o
n - o

Proof We look at the casds= 1,2 etc. successively.

() 1 =1:From lim y} = 9,0 follows directly
n - oo
lim E(X,) = lim [ 1 _ =
n— e N ®(BgP) ~P(YD)  P(OmaxP) — lim (y1)
Thus, the expectation valig(X;)  is unbounded and so is the objective function.
(i) 1 = 2:Without loss of generality we may assumém y7'#9d,,,.0  since otherwise we could
n - o
argue as in case (). In the following we therefore assutim y§ = y,H<d__.p and
n - o
y,U-y,0 = 8.0 The function®(x) is Lipschitz continuous with respect to the constant

L = 1/(ows/2m), ie. |[®(x) —P(X,)| SL|x;—X,| . With the auxiliary variables

M ::Igméxgq)(w)dw, m:=min{ ¢ (W) |w O [3,,0, OmaxP]} We get:

11



6ma><
" pwy)
I p(y2 Wl) 1 m OrmaxP

_ m.o_ 1
E(Xp) = Gmaxp =M I p(ys—w;) awy
[ o0w;) dwy "
y?
SmaxP (12)
- m 1 dw
W] 08,p) ~ @ (M B, v W)
mémaxp O-G/\/E[ d
— \W
M J:, Bmaxp_max{éminp’ yrz]_Wl} !

The last inequality in (12) results from the Lipschitz continuity®{x) . Splitting the integra-
tion interval atmin{ d,,,,P, Y3 —0,,P} allows for an explicit solution of the integrals:

in{ 6maxpl yg_éminp}
(%) 2 O %{“ Ou21
2 M % Vi 5maxp - max{ 6minp’ Vg _Wl} !
6maxp |:|
+ 3 GWE_)/ET - dWJS
mln{ 6maxpx yg _6minp} maXp B max{ minp’ y2 B Wl} D
mo /\/_T[ mll’]{ 6ma><p y minp}
= W En (6maxp (y2 o (13)
+ émaxp B mm{ 6maxp1 y2 B minp} 0
6maxp - aminp N
MO,y /2T _
= W (ln(émaxp (y2 mln{ 6maxp’ yg_éminp})) - In(amaxp_(yg_y?)))
+ mo-W“/ZT Damaxp - min{ 6maxp’ Vg - 6minp}
M 6maxp - 6minp
Because of our assumptioim (y9—vy{) = 0.,  there exists for every 0 an index
n - oo

Ny = Ng(€), such thad,,.p— (Y5 —y]) <€ foralh=n, .Inserting thisin (13) gives us:

/2 _
E(X) 2 =10 (8 0 — (V5 = M 8130, V3 = o))~ In(E))

+ rnGW“/ET Démaxp - min{ 6maxp' Vrz] mlnp}
M 6maxp - 6minp

- e(¢)

Sinceg >0 can be chosen arbitrarily small we have a divergent minorant and thus

12



(i)

lim E(X,) = Iimo+e(s) = oo,

Y3 =Y1 ~ Omad €~
n- o n=n(e)
1>3: Without loss of generality we assume lim y]#d,,.0 and
n - oo
lim (YR=YR_1) #0y P, kK = 2,...,i—=1; otherwise case (i), case (ii) or case (jii) for
n-

i—io would apply. Construction of a divergent minorant is similar to case (ii). Since the
observed weight§w,, ..., W, _,) of layers already accepted by the algorithm are realizations of
an (i —1) -dimensional random variab{&, ..., W; _;)  we can define a further random vari-
ableWs asthe sus =W, + ... +W,_, .Therandom varialle = Ws(y], ...,y ;)
describes the weight df—1  stacked layers. ijgt(w) = ¢s(w, Y1, ...,y 1) denote the
density of Wy . Because of the assumpti%iimmyi‘i OnaxP r]Iimm(yli‘—y'?_l) £0naP o

k = 2,...,i—1, and the properties of any probability density function we hygw) =0 :
J‘qu)z(w)dw = 1 and there exists foreveey>0  anindex = Nny(€) , such that

|m|n{ (I)Z(W! yE_]’ ERRR) Yin_1)|W O [y| -1 (I _1)6maxp]}
- min{(l)z(W, V1D, reey Vi_1[D|W 0 [yi_]_Da (I _1)6maxp]}| <€

for all n= n,. With the auxiliary variables

(i = 1)3naxp
M, = I ¢s(W)dw=<1=M
yis
2m:=min{ o5 (w, y;H ..., vi_ D |wO Ty H (i =1)8,01} >0
eE=m

E(X;) can be reduced for almost all indice§] N to the following expression:

(i = )8 05()
_HI p(Y'-w) (71O
E(X,) = (iyrll)émaxp > Vi J' md\l\
[ ox(w) dw Vi (14)
Yt
> m(l_l)émaxp Oy-/2 dw
M vﬁrl OmaxP® — Max{ 8P, Yy —w}

The last inequality in (14) results from the Lipschitz continuity®f x) . Splitting the integra-
tion interval atmin{ (i —1)9,,,,,0: Y — 9P} allows for an explicit solution of the integrals:
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i i-1)d ’ in_émin
DTIIH{(I 1) maxPs Y p} O-W/\/Z-[

mQ
E(X.) iy
| M E y;[ Omax® — Max{ 8,i,P, Y —w}
) (i—1}6maxp Oy JE[ d\,@
_ . n__
MINg (i = 1)8 e Y7 = SminP} OmaxP =M Oin. YI' =W} -
Moy /2T MIN{ (i = 1) Spnand®s VI = SinP}
= 0" G — (=)
| o ] (15)
+ (I - 1)6ma_xp - mln{ (I - 1)6maxp| yi _6minp} 0
6maxp - 6minp b
MG\, /21T
= 1IN = (VP = Min{ (i = 1)80,0, V7 = 815inP}))
moWJ_

M ln (5maxp (V| yin_l))

moWJ_n (| 1)8 10 — Min{ (i = 1)8, 2,0, Y = 8,,inP}
M 6maxp 6mlf'lp

In analogy to case (ii) it is easy to verify that the tern (3,0 — (Y'—=Y™ 1)) in (15) is

unbounded forlim (y"=yl ;) = 9P - Thus, the expectation value is unbounded, i.e.
n - oo

im  E(X) =

n - oo

yin - yin—l - 6me\xp

To summarize we can say that the objective function is unboundedlinf y§' = .0 or
n - oo
lim (y'=yl_ 1) = d,.P forasuitable chosenindéx1{2, 3,4 5  holds. 0

n- oo

6 Numerical Solution of the Optimization Problem

The two main problems in connection with the numerical treatment of the optimization problem (10)
are

()  the numerical evaluation of the objective function;
(i)  the choice of a suitable optimization algorithm.

6.1 Numerical evaluation of the objective function

To evaluate the objective function (10) a multidimensional numerical integration method is required.
This could be based on recursive application of the following one-dimensional quadrature formula.
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31 by(%)  an(Xy, s Xpo1) b,

[ I I f(Xq, ooy Xp)OX . dXg = Ig(xl)dx]
185(X1)  A(Xy s Xpo1) a
ba(x1)  Bp(Xq -y Xn_1)

g(xy) = I J’ f(x)dx,...dx,

a(Xg)  an(Xg, - Xng)

(16)

However, since the numerical effort grows fast for increaging , even for smooth functions and adap-
tive knot choice, this method suffers from inefficiency. Furthermore, error bounds are not transferable
to the recursive case from one-dimensional quadrature methods directly, since the fgfotjon in
formula (16) itself can only be approximated and cannot be determined with machine precision. In
practice this leads to slow convergence. Therefore one might prefer the exact quadrature of a linear or
second order approximation b{x,, ..., X,) , if no high precision is demanded.

There also exist algorithms for multiple integrals analogously to the development of adaptive quadra-
ture methods for one-dimensional integration. But here the following difficulties arise:

« As a rule, multidimensional nhumerical integration methods are formulated only for special integra-
tion areas e.qg. for rectangular areas. IMSL® offers only the possibility to calculate integrals of the

9, b,(x) 0, by
formJ’ J’ f (X, y)dydx orJ’...If(xl, oy X)) OX L OX
2, a,(X) 3y a,

» Adaptive multidimensional integration methods which allow a reliable error estimation are offered
only in few, mostly commercial, numerical libraries (e.g. IMSL®).

» The value of the objective function on the given integration area cannot be determined directly with
any of the currently available numerical libraries.

For these reasons two different approaches were pursued and the results were compared to each other:
Romberg’s one-dimensional quadrature formula was implemented recursively as one approach and
alternatively algorithms from the class library Cubpack++ (Cools et al. 1994) were used because of
their easy applicability to areas with almost arbitrary boundaries.

Romberg’s quadrature formula

When evaluating the objective functidd  (see equation (10)) by use of Romberg’s one-dimensional

quadrature method fofr [] C2k+2[a, b] k=0 , the following estimate can be used to calculate an

upper bound of the error of the numerical integration, by means of Euler-Maclaurin’s summation for-
mula (Werner 1992):

f(x) dx—T®(f:a b)| < 3(b-a)

1

2k+3 |BZk+2|

(2K+2) s
(2k +2) "X O[a alf 00

in which the termB,, , , is a Bernoulli number, defined as coefficient of the power series expansion

X o xK
o1 2 1= oBxjq e M =<2m

Unfortunately, this result is not valid for the case of the multidimensional (recursive) integration.
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Adaptive quadrature / cubature by means of DQNC79 and Cubpack++

As an alternative to Romberg’s quadrature method, the integral (6) was evaluated by applying routine
DQNC79 of the SLATEC numerical library. (More precisely: The FORTRAN code of DQNC79 was
translated by f2c into C.) This is an adaptive quadrature method based on a 7 point Newton-Céotes for-
mula. This way the quadrature error and the number of the function evaluations could be checked pre-
cisely.

The C++ class library Cubpack++ provides the user with routines for automatic cubature. By the
object-oriented implementation of Cubpack++ this library is not static but can easily be enlarged. Those
areas which are not included in Cubpack++ yet can simply be added by inheritance. For these areas the
user must carry out a transformation of the integral on an area for which a cubature formula exists.

For these reasons the integrals (6)-(9) were evaluated by a combination of Cubpack++ and DQNC79.

6.2 Optimization

As seen the optimization problem (10) has a differentiable objective function, is linearly constrained
with partly closed£), partly open (<) constraints. In view of Lemma 2 (closed level sets) descent algo-
rithms are therefore appropriate for the problem. Since derivatives of the objective function are expen-
sive to evaluate (see the preceding section and appendix 9.2) we prefer methods that make no explicit
use of derivatives. This leaves methods with no assumptions about differentiability at all like simulated
annealing, genetic algorithms, methods of Hooke and Jeeves, Nelder and Mead etc. and methods that
assume differentiability in their philosophy but do not demand evaluation of derivatives explicitly (con-
jugate directions algorithm by Powell).

As starting point we used the parameter set used in the plant before this investigation

(Y1 Yo Yo Ya) = (4800g 9900g 1495Qg 2000Dg 17)

if (Y1, Y2 Y3 Y4) O C. Alternatively starting parameters were chosen according to the following
scheme

(Y1 Yor Vo Ys) = (5000g— 4v, 10000g- v, 15000g-w, 200009, w 0 0...50g.

The experience from our numerical investigations can be summarized as follows: the conjugate direc-
tion method of Powell as described in [1, pp. 464-467] and Hooke and Jeeves [7] gave acceptable
results with the least cost. The Downhill-Simplex-Method by Nelder and Mead [8] also gave acceptable

results but needed around 50% to 150% more (costly) function evaluations; simulated annealing was
even slower with a factor of 10 for the number of necessary function evaluations.

We also experimented with algorithms that use gradient information and approximated the gradients
numerically. Altogether our experience with numerical approximation of gradients was not encourag-
ing for this particular objective function.

Extremely important for practical applications is a good knowledge of the sensitivity of optimal param-
eters from possibly varying input parameters. WHlg,, 0,,.x . and the rpgan are constant over
longer periods of timeg,,, an@ sometimes vary within hours. The table in fig. 4 demonstrates that
the values of the minimum of the objective function change rapidly with changing valueg,of and
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p; see also the table in appendix 9.3. We discuss the consequences of this observation in the following
section.

Fig. 4. Objective function minima for varying specific briquette mass and standard deviation of the layer length

and default parameter settings = 47mm d.,;, = 409mm 9., = 441mm
6.3 Interpretation
As seen above an optimal parameter(ygt] vy, y;H y,0 allows for a significant increase in bri-

quette production output. At the same time the optimal parameter set is highly dependent on parameter
values likea,,, andp . This means that even minor changes in these parameters may result in signifi-

cant production losses unless the paraméygrsy,, Ys, Y,) are also readjusted.

This leads to the following important recommendation: If paramegers  @yd change the weight
limits should be readjusted with the help of a computer-aided system or look-up table.

In the following we check alternative approaches.

100 / |
OL = omm =7

o = = — g, = 1,5mm|

ob — — — =" _ _ _ _ 9, = 10mm
o = 12,5mm

o — = — - — — — — — e

5 / o, = 15mm
5 60
g
=3
c 50
2
3 40
o
o
30
116 117 118 119 12 121 122 123
Specific briquette mas9p
Fig. 5. Maximum production output for different values @f and for optimgl and weight limits
(Y Yo Y3 Y4). depending on specific briquette mags . Lower and upper length limit were chosen as
min = 409mm, .. = 441mm.
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U, can be controlled by a well performing 3-point briquette thickness control at the briquette presses.
We therefore examined how the values of the objective function are influenced by the mean layer length
U, . The maximum attainable packing quota can be seen in fig. 5. It is obvious that a good choice of the

mean layer length is very important for a good production rate. However, this again is no longer true for
a non-optimal choice of the weight limits.

100| /—r |
|

90
80
70
60
50

40

Production output [%]

30
11.6 11.7 11.8 11.9 12 121 12.2 12.3
Specific briquette masp

Fig. 6. Maximum production for optimgll;  without weight control, depending on specific briquette (nass
Lower and upper length limit were chosen®gs;,, = 409mm o, = 441mm

Therefore, we examined the results that can be achieved if there is no weight control of single layers
and the mean briquette thickness is controlled instead. The attainable packing quotas can be seen in fig.
6. In specific situations the strategy “Bundling without weight control” proves to be competitive to the
quality surveillance procedure based on a check of single layer weights. Furthermore the strategy is less
dependent on changing production parameters.

These calculated optimal values of the reference value setting, presented in fig. 7, have the feature of
being almost independent of the scatter of the vaiye of a certain production unit. In addition, to
guarantee a nearly optimal production output, it is sufficient to adjust the reference value at the center
of the interval, limited byd;;, and,,, . as long as the specific briquette mass doesn't fall below 12
g/mm.

47.9,

47.8]

g

47.7
47.6)

reference value
47.5)

in the centre of
47 .4

[émin’ 6max]
47.3 < P

Optimal reference value

47.2
11.6 11.7 11.8 11.9 12 12.1 12.2 12.3

Specific briquette masp

Fig. 7. Optimal setting of the reference value in dependence of the specific briquettmass . Lower and upper

length limit were chosen a8, = 409mm 9J,,,, = 441mm
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This may even lead to the recommendation to run the production without weighing each layer if pro-
duction parameters likp anglp  vary strongly and if the parametgrs.., y, cannot be held opti-
mal or nearly optimal at all times.

7 Conclusions

We analyzed how with a minimum of raw material input brown coal bundles of a given minimum
weight can be produced. In a first step we modeled the relevant part of the production facility and for-
mulated the problem as a mathematical optimization problem. Next we analyzed the objective function
for differentiability and proved existence of minimum points. Finally, the problem could be solved
numerically. A sensitivity analysis showed that optimal parameters may depend strongly on material
and system parameters. Therefore frequent readjustments are necessary if material and system parame-

ters change. As an alternative approach we discussed a weight control via the mean thickness and

without weighing each layer of a bundle. The proposed actions lead to a significant improvement of the
facilities overall performance. This would not have been possible without an in-depth mathematical
analysis.
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9 Appendix

9.1 Leibniz Rule

Lemma 3 (Leibniz Rule [6]) Let f :D — Ik have continuous partial derivatives on
D = [a, b] x[c,d]. If the curvesa :[c,d] - R and3 :[c,d] - R are continuously differen-
tiable and the values af arfdl arefia, b]  then the following identity holds:

B(Y) B
[ Heviag = [ 501G y)dg+ B TBY).v)-a'(v)Haly),
ay) a(y)

Lemma 4 (Extended Leibniz Rule [5])The functionf : R2 — Ik f = f(g, V) , be continuous with

respect to the variableg ang and have a continuous patrtial deriv%i\fs/e yfeg < k and for

Y—9g=k, kO R. Thus, there may be a jump discontinuity of the partial derivativg fog = k

Thenl'z f(g,y)dg has a partial derivative with respectyo . The derivagv:f is a continuous func-

tion and the following holds:

b b

3 Y

ij(g, y)dg = J’a—yf(g, y)dc
a a

Lemma 5 The objective functio® in (10) has continuous partial derivatives with respect to all vari-
ables.

Proof We give a proof forE(X3) . The arguments are similar for the otBéiX;) . Toé%eE(X3)
1

we apply Lemma 4.
Defining the functions

Omax?
d(wp)dg(w,)
f(wy, ¥2) P(Y3— Wy —W,) g
max{ 3inP, Y2 — Wi}
6ma><p
h(wy,Y,) = i ¢ (Wp)dg(wy)dw,

max{ OpinP, Y2 — Wi}

the partial derivative OéavE(Xs) is according to Lemma 4 given by:
2
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0 8mad S 0

0 Exy = O EA [ fow,y)dwi¥O [ hwy,) dwis
y2 3 ayZEDVI 1 Y2 JD DJ 1 Y2 ]DD
g n L U

6ma>(p |]6maxp 6maxp

0 0
—f(wq,y,)dw, O f(wy, dw, 11 [ =—h(wy, V,)dw
J 3y, (Wq, Y,)dw, DJ (Wyq, Y,) dw, J 3y, (wy, Y,)dw,

6ma><p 6ma><p |:|2
I h(wy, y,) dw, E I h(wy, Y,) dW]E
Y1 Y1

The derivativeiE(X3) is derived along the same lines. The derivaggeE(X3) I =,4,5
0y Yi

zero. A complete listing of the derivatives is given in appendix 9.2.
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0 d(yq)
—E(X =
IR EETORTE

Sma
9 _ 0 ¢ (wy) ~ ¢ (v1)
EE(X2) = a_ylE(Xl) DJ o(y, = W) dw,; —E(X)) ]—p(vz—vl)

SmaxP SmaxP

E(X5) J' b (Yo (wy) dw, — pg)y(yi)j)(zvi\z) 2

0 - max{ 80, Vo V1) maxByp ey o T2
I E(Xg) OmaxP OmaxP
yl maxl max

I J' b (wy)d(w,) dw,dw,

Y1 max{dnminp, Yo —W;}

e} d I} I}
. maxP maxP o maxP maxP ¢(y1)¢(W2)¢(W3) ey
) R CALCAIUALT P [ ey gy e
a—E(X ) = max{ 8nP, Yo — Y1} Max{ 8nP, Y3~V —Wo} max{ 8P, Yo —Ya} Max{ 8,0, Y3~V — Wy}
I 1 4 émaxp 6ma><p 6ma><p
[ [ O0wy)d ()b (wy) cgchwcw,
Y1 MaX{ OpinP, Yo — Wi} Max{ OpinP, Y3 — Wy — W}
D 6maxp émaxp 6ma><p
0
VE( Xg) = %E( Xs) _[ J' I b (Y1) 0 (W) (w3)d (w,)dw,dwsdw,
1 MaX{ dminPs Y2 = Y1} Max{ dminP, Y3 — Y1 —Wo} Max{ 8pnP, V4 — Y1 —W, — W}
6maxp 6maxp 6maxp
W W w 0
_ J, J, b (Y1) o (Wy)d (w3)d(wy) i w,
P(Y5— Y1 — Wy — W3 —W,) O
mMaX{ dminPs Y2 = Y1} Max{ dpminP, Y3 — Y1 —Wo} max{ 8pnP, Y4 — Y1 —W, — W}

Démaxp Smax 0
/EI I ¢(W1)¢(W2)¢(W3)¢(W4)dw4"'dWlE
Y1

mMax{ OminP, Y4 —Wq —W, —Ws}

uoNoUNy 3AI03[g0 a8yl JO SaAITRALIBP [eled Z°6

(ot) w



0
—E(X,) =0

MiN{ 8o Y2 — OminP}

W, aw;,

0 b (W) (y, —w,)
SE(X) = E(Xy) [ ot et
Y> [P(Y,—wW,)]
min{ 6maxpr Yo— 6minp} min{ 6maxpl Yo— 6minp}
d(w)b(y,—wy)
E(X w —-w,)dw, — W
) (X3) J‘ d(wy)o (Y, 1) dw, J P(Ya—Yo) 1
EE( XS) - 1 SmaxP SmaxP ;
I J‘ ¢ (wy)d(w,) dw,dw,
Y1 max{ dminp, Yo — W}
mln{ Bmaxpl Y2— 6minp} 6maxp mm{ émaxpf Y2— 6minp} 6maxp ¢ (Wl) ¢ (y2 _ W1)¢ (W3)
E(X,) I I o (wy)d (Y, —wy) b (Wg) dwydw, — I P(Y4— Y, —Ws) d
a_E( X,) = Y1 max{ 8P, Y3—VYa} v, max{ 8,0, Y3 — Y}
y, -4 BrmaxP BrmaxP BrmaxP
J J’ J' ¢ (wq)d (W,)d (wg)dw,dw,dw,
Y1 max{ dminP, Y2 — W1} Max{ dninP, Y3 —W; —W,}
|:| mln{ 6maxpv Yo— 6minp} 6maxp 6maxp
0
VE(XS) = %E(Xs) I I I (W) o (Y, —wqp)d(w3)d (w,)dw,dw,dw,
2 Y1 mMax{ 8P Y3 — Y2} MaX{ OpinP, Y4 —Yo — W3}
mm{ 6maxp1 Yo— Bminp} 6maxp 6maxp
w —-W W. w O
3 J. J, b (W) (Y, —wq)d(wa)d( 4)dW4dW3dW1D
P(Y5 =Y —Wz—W,) 0
Y1 max{ 8inP; Y3 — Y2t Max{ 8inP;s Y4 — Y2 — W3}
Démaxp 6maxp D
/ .. dw,...dw
E I I O (Wp) b (W) (W) (w,)dw, 1%

Y1 Max{ SpinP; Y4 — Wy — W, — W3}



144

0

—E(X;) =0
3y3 ( 1)

0

—E(X,) =0
3y3 ( 2)

6maxp min{ 6maxp1 Y3—W;— 6minp}
i O (W) o (W,) (Y3 —W; —W,)

J’ -Jf >——dw,dw;

P [P(Y3—W; —W,)]
— % max{ 8nnP, Yo — Wy}
nE( XS) a 6rT'IaXF) 6maxp
b (wq)§ (wy)dw,dw,
Y1 max{dminp, Yo —W;}
émaxp mln{ 6maxp! Y3 —W;— 6minp} 6maxp mln{ 6maxpl Y3 —W;— 6minp}
b (W) d(w,) b (yz—wy —w,)

E(X) [ S O (W) (Wo) D (Y3~ Wy ~wp)dwydwy — [ 5 1 piv — ;) L 2 dw,dw,
d E(X,) = Y1 max{ 8P, Yo —W;} Ya max{ 8P, Yo — W1} 4 3
ﬁ ( 4) a 6ma)(p 6ma>(p 6maxp

I I I ¢ (wq)d(W,)d (ws) dw,dw,dw,
Y1 MaxX{ dminP, Yo — Wy} max{ 8pinP, Y3 — Wy — Wy}
a | 6maxp min{ 6ma><pv Y3— 6minp - Wl} 6maxp
WE(XS) = EE(X5) I 'f b (W) (Wo)d (Y3 — Wy —W,) b (W,)dw,dw,dw,
3 H Y1 max{ &pinPs Y2 — Wy} max{ 8inP, Y4 — Y3}
6maxp min{ 6maxpv Yz— 6minp _Wl} 6maxp
; (WD) (W) (V3 —W; — W) (w,) .
P(Y5—Y3—W,)
Y1 max{ &nP, Y2 — W} max{ 8P Y4 — Y3} 0
|:|6maxp 6maxp D
/ ... dw,...dw
E I I o (wp)d(wy)d(ws)d(w,)dw, 1%

N max{ 8pinP, Y4 — Wy —W, —Wa}
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E(X;,) =0
9y4(]_)

0
—FE(X,) =0

0
—E(X;) =0

6maxp 5maxp min{ 6maxpl Ya—W1 =W, — 6minp}
,[ 'f i ¢(W1)¢(W2)¢(W3)¢(V4—W1—W2—Wg)dw dve-chw
_ _ _ 2 3YY2 1
d — Y1 max{ dyinPs Yo — Wy} max{ 8inP, Y3 — Wy —W,} [ p(y4 G W3)]
ﬂE( X4) - émaxp 6ma>(p émaxp
I I I ¢ (W) b (W,)d (ws)dwsdw,dw,
Y1 max{ dminP, Y2 — Wy} max{ 8P, Y3 —W; — Wy}
|:| 6ma><p 6maxp min{ 6maxp1 Yq—Wp =Wy — 6minp}
0
WE(x5) = HE(Xs) [ i 5 & (W) (Wp) & (W3)d (Y4 — Wy — W, — W) dwzdw,dw,
4 D Y1 max{ 6minpl Yo— Wl} max{ 6minpr Yz —W; _WZ}
6maxp 6maxp min{ 5ma><p| Y4 — W1 —W, _6minp}
[ [ ' ¢ CTT AW M) OW Yy Wy Wy
- _ 3UWL0W; 5
Y1 MaX{dminP, Y2—Wi}  max{ 3P, Yz — Wy — Wy} PlYs=Ya) 0
fo) 1)
|:| maxp maxp |:|
/%I J’ ¢(W1)¢(W2)¢(W3)¢(W4)dw4...dw%

Vi max{OminP, Y4 — Wy —W,—Ws}



9.3 Optimization results

Sin = 409Mm 5 = 44Tmm [y = 423mm
Gp inmm p g/ m(Y; ] Vo0 Vs VA [E(Xy) E(Xp) E(Xa) E(Xa) E(Xe) [Z(V;I Y, ¥s0 V4D

5 115 (4987, 9988, 14990, 1999¢4) 59.982 59.425 60.143 61.479 64|845 305.874
11.6 (4981, 9981, 14985, 19991 9.924 9.757 9.899 10.208 11.005 50.793 (-178.448%
11.7 (4970, 9968, 14973, 19984) 2.759 2.732 2.804 2.942 3.470 14.506 (-9.835)
11.8 (4941, 9938, 14948, 19964 1.245 1.288 1.344 1.422 1.579 6.879 (-0.697)
11.9 (4867, 9877, 14904, 19945) 1.003 1.013 1.027 1.048 1.990 5.182 (-0.076)
12.0 (4908, 9816, 14848, 1991¢ 1.003 1.003 1.003 1.003 1.005 5.016 (-0.005)
12.1 (4949, 9898, 14847, 1988lL) 1.003 1.003 1.003 1.003 1.903 5.014 (0.000)

7.5 11.5 (4975, 9976, 14981, 19984 10.935 10.919 11.160 11.583 12.709 57.305
11.6 (4963, 9963, 14969, 1998[) 4.007 3.974 4.081 4.279 4.155 21.096 (-17.891)
11.7 (4945, 9941, 14951, 19969 1.958 1.963 2.035 2.158 2.428 10.541 (-2.584)
11.8 (4909, 9903, 14920, 199511) 1.224 1.270 1.327 1.406 1.562 6.788 (-0.401)
11.9 (4867, 9849, 14878, 19924 1.041 1.062 1.085 1.117 1.182 5.488 (-0.112)
12.0 (4908, 9816, 14834, 19904) 1.041 1.041 1.041 1.044 1.053 5.221 (-0.024)
12.1 (4949, 9898, 14847, 1987¢ 1.041 1.041 1.041 1.041 1.041 5.204 (-0.001)

10 115 (4967, 9968, 14973, 1998R3) 6.618 6.651 6.834 7.146 7.993 35.242
11.6 (4949, 9948, 14957, 19979 3.110 3.113 3.215 3.391 3.821 16.649 (-7.693)
11.7 (4925, 9920, 14933, 19958) 1.829 1.842 1.926 2.053 2.326 9.976 (-1.529)
11.8 (4883, 9875, 14897, 19934 1.276 1.331 1.396 1.481 1.650 7.134 (-0.352)
11.9 (4867, 9826, 14857, 1991b) 1.132 1.153 1.181 1.220 1.297 5.983 (-0.139)
12.0 (4908, 9816, 14818, 19897 1.132 1.132 1.133 1.139 1.154 5.690 (-0.041)
12.1 (4949, 9898, 14847, 19871) 1.132 1.132 1.132 1.132 1.133 5.661 (-0.002)

12.5 115 (4961, 9962, 14969, 1998( 5.695 5.743 5.916 6.208 6.994 30.556
11.6 (4940, 9939, 14949, 19968) 2.978 2.996 3.099 3.274 3.110 16.056 (-5.432)
11.7 (4911, 9905, 14920, 19951 1.890 1.904 2.008 2.146 2.439 10.387 (-1.258)
11.8 (4866, 9856, 14882, 19928) 1.376 1.453 1.522 1.617 1.805 7.773 (-0.359)
11.9 (4867, 9812, 14843, 19904 1.260 1.280 1.312 1.354 1.444 6.649 (-0.164)
12.0 (4908, 9816, 14810, 1988p) 1.260 1.260 1.261 1.268 1.288 6.338 (-0.053)
12.1 (4949, 9898, 14847, 19864 1.260 1.260 1.260 1.260 1.261 6.300 (-0.004)

15 115 (4958, 9959, 14966, 1997P) 5.571 5.629 5.807 6.103 6.894 30.004
11.6 (4933, 9933, 14944, 19964 3.079 3.107 3.214 3.398 3.858 16.656 (-4.714)
11.7 (4901, 9895, 14912, 19946) 2.031 2.049 2.167 2.317 2.638 11.201 (-1.192)
11.8 (4856, 9842, 14871, 19924 1.507 1.603 1.683 1.789 1.999 8.581 (-0.387)
11.9 (4867, 9803, 14834, 1990D) 1.409 1.428 1.464 1.511 1.12 7.424 (-0.189)
12.0 (4908, 9816, 14802, 19879 1.409 1.409 1.411 1.419 1.443 7.091 (-0.065)
12.1 (4949, 9898, 14847, 1986P) 1.409 1.409 1.409 1.409 1.410 7.047 (-0.006)

a. In brackets we give the difference to the objective function value of the starting@@i®00 g, 9900 g, 14950 g, 20000 g)
if that point is admissible.

26



	Modeling, Simulation, and Optimization of a Production Line
	Ludwig�J. Cromme, Cottbus, and Stephan Würll, Cottbus
	1 Introduction
	Fig. 1. (a) User interface (GUI) of simulation environment, (b) GUI with notation of the segments...
	(A1) ,
	(A2) A layer is grasped by the claw arm.
	(A3) If the length of layer is not within reject it and go to (A2).
	(A4) If the weight of layer is below reject it and go to (A2). Otherwise, the layer with weight i...
	(A5) If STOP, a new bundle has been packed.
	(A6) Set , , go to (A2).
	Fig. 2. Schematic representation of the quality control.
	Fig. 3. Example of a packed briquette bundle; only layers that could be accepted for the given va...


	2 Problem Formulation
	(1)

	3 Mathematical Model
	,
	,
	.
	(2)
	. (3)

	.
	,
	(4)
	. (5)
	(6)
	(7)
	(8)
	(9)

	.
	Optimization Problem
	(10)

	4 The Objective Function

	.
	Lemma 1 The objective function of problem (10) is (totally) differentiable with respect to the pa...

	.
	.
	.
	.
	(11)
	5 Existence of Minima
	Lemma 2 Let be a sequence of feasible parameter values. If there exists at least one index with w...
	(i) : From follows directly



	.
	(ii) : Without loss of generality we may assume since otherwise we could argue as in case (i). In...
	(12)
	(13)


	.
	(iii) : Without loss of generality we assume and , ; otherwise case (i), case (ii) or case (iii) ...
	(14)
	(15)


	.
	6 Numerical Solution of the Optimization Problem
	(i) the numerical evaluation of the objective function;
	(ii) the choice of a suitable optimization algorithm.
	6.1 Numerical evaluation of the objective function
	(16)
	Romberg’s quadrature formula
	Adaptive quadrature / cubature by means of DQNC79 and Cubpack++

	6.2 Optimization
	(17)



	, .
	Fig. 4. Objective function minima for varying specific briquette mass and standard deviation of t...
	6.3 Interpretation
	Fig. 5. Maximum production output for different values of and for optimal and weight limits , dep...
	Fig. 6. Maximum production for optimal without weight control, depending on specific briquette ma...
	Fig. 7. Optimal setting of the reference value in dependence of the specific briquette mass . Low...

	7 Conclusions
	8 Literature
	[1] F.S. Acton. “Numerical Methods that Work”, 1990
	[2] J. Biedermann, L. Cromme, K. Weber, S. Würll, F. Rehn, L. Rhede. “Modellierung von Verpackung...
	[3] J.�Biedermann, L.�Cromme, L.�Rhede, K.�Weber, and S.�Würll. “Simulation and optimization of a...
	[4] R. Cools, D. Laurie, L. Pluym. “Cubpack++: A C++ package for automatic two-dimensional cubatu...
	[5] L. Cromme. “Eine erweiterte Leibnizsche Regel und Anwendungen.”, In Vorbereitung.
	[6] G.M. Fichtenholz. “Differential- und Integralrechnung II”, VEB Deutscher Verlag der Wissensch...
	[7] R. Hooke, T.A. Jeeves. “Direct Search Solution of Numerical and Statistical Problems”, Journa...
	[8] J.A. Nelder, R. Mead. “A simplex method for function minimization”, Computer Journal 7, pp. 3...
	[9] W.H. Press et.al. “Numerical Recipes in C”, 2nd Edition, 1992
	[10] J. Werner. “Numerische Mathematik 1“, Vieweg, 1992.
	[11] IMSL®, Fortran and C application development tools from Visual Numerics, Manual “Fortran sub...

	9 Appendix
	9.1 Leibniz Rule
	Lemma 3 (Leibniz Rule [6]) Let have continuous partial derivatives on . If the curves and are con...
	Lemma 4 (Extended Leibniz Rule [5]) The function , , be continuous with respect to the variables ...



	.
	Lemma 5 The objective function in (10) has continuous partial derivatives with respect to all var...

	,
	9.2 Partial derivatives of the objective function in (10)
	9.3 Optimization results




