Modeling, Simulation, and Optimization of a Production Line

Ludwig J. Cromme, Cottbus, and Stephan Wirll, Berlin

Summary. Modern production facilities are complex systems involving thousands of components and system
parameters. In this real world application we model a line for production and packaging of brown coal briquette
bundles. We concentrate here on the problem of how to produce bundles with guaranteed (minimum) weight with
minimal input of raw material. Variations of the incoming raw material parameters, the mechanics of theinvolved
machinery, and complex interdependencies are mathematically modeled and analyzed. Based on this a computer
model allows for simulation, parameter optimization, and minimization of input material. This results in a better
understanding of the overall performance of the facility and of the sensitivity and interdependence of the parame-
ters. Based on these investigations a considerabl e increase in production output could be realized by the industrial

partner.
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1 Introduction

Computer integrated manufacturing (CIM) has become a powerful tool to control production processes
and cut production costs. Thisis aso true for the highly competitive energy market. Brown coal indus-
try therefore developed new high quality products like brown coal dust for use in power plants and
made great efforts to redesign classical products according to market needs and reduce production
costs.

In an extensive project the production of brown coal briquette bundles was thoroughly investigated
including the mechanical and thermal treatment of raw brown coal, pressing of briquettes, assembly of
layers and bundles, wrapping, palletizing and stacking of the produced material. Problems to be tackled
include control of briquette thickness and bundle weight, optimal conveyor belt system design and con-
trol of transport velocities and delay phases, optimal palletizing schemes, heat reduction for packed

material (fire protection!), quality control for long term stock etc.



The project included experiments to determine system parameters, mathematical and computer based

modeling, simulation (see fig. 1), and design of procedures for systems control and optimization.
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Fig. 1. (a) User interface (GUI) of simulation environment, (b) GUI with notation of the segments—
illustrating the complexity of the plant, (c) automated line for 25 kg-bundles, (d) schematic repre-

sentation of a part of the conveyor system

In this paper we investigate how with aminimum of raw material input (minimum of rejects) bundles of
a given minimum weight can be produced. For some of the other aspects of the investigation see[2,3].

Briquettes are pressed in electric brown coal presses and have fixed width and height. Their thickness
was verified to be approximately normally distributed with an electronically controllable mean value

(adjustable target thickness). Varying weight and thickness of briquettes causes great problemsin pro-



duction. 9 briquettes are assembled to a layer; the length of alayer (equal to the summed thickness of

the 9 briquettes) must be at least d,;, and at most d,,, to be handable by the machines and to guaran-

min
tee stable bundles. 5 such layers form a bundle which must weigh at least 25 000 g — the guaranteed
minimum selling weight. A layer should therefore weigh 5 000 g on average. The weight of alayer var-
ieswith the length of the layer. Therefore, instead of discarding a possible first layer with weight below
5000 g (and realizing the loss of 9 briquettes) one might accept it hoping for one of the following 4 lay-
ersto make up for the missing weight. But if the first layer isfar below 5 000 g many layers might have
to be tested (and rejected) before the first layer’s missing weight is compensated. Obviously, the real-
ization of an immediate loss of a layer needs to be carefully weighed up against the possible loss of
many layersin the future; the machinery neither allowsto reintegrate rejected layers into the production
process nor isit possible to reject layers — once they are accepted — at a later state.

This means an (optimal) criterion g; needs to be fixed: If atest layer weighs more than ¢, it can be
accepted as layer 1 of anew bundle, if it weighslessthan ¢, it isrejected.

More formaly we have the following quality-control-algorithm (see also fig. 2,3). For given
0<dyip<dpa ad gy =0<g; <% <g,<g;:=250009:

min

(A1) 171, Wi =g
(A2) A layer | isgrasped by the claw arm.

(A3) If thelength of layer | isnot within [d;,, d..] rejectitand goto (A2).

min’
(A4) If theweight of layer | isbelow Witarg reject it and go to (A2).

Otherwise, the layer with weight W; isaccepted as layer i of the bundle.

(A5) If i = 5 STOP, anew bundle has been packed.

Q i

(A6) Seti=i+1, Wi =g -§ "W goto(A2).
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Fig. 2. Schematic representation of the quality control.
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Fig. 3. Example of a packed briquette bundle; only layers that could be

accepted for the given values of @; are shown.
Results of measurements confirmed that the briquette thickness (length of briquette layers) may be con-
sidered normally distributed and that the weight of a briquette (briquette layer) is approximately pro-
portional to the briquette thickness (length of a layer) with the proportionality factor r (*specific

briquette mass”) in grams per mm constant on a short term scale.

2 Problem Formulation
The basic problem is to find optimal weight limits g, %4, g, ; optimal in the sense that a production

process according to (A1) to (A6) will result in a minimum of rejects or — equivaently — that a maxi-



mum number of bundlesis produced from the input for given process parameters: Normal distribution
L ~N(nm, s{) of thelayer length, mean layer length 1| , specific briquette mass r , minimal accept-

able layer length d;, and maximal layer length d,,, > d,;,- We introduce g, -= O which helps to

min -
simplify some formulae and g5 = 25 000 g isthe (fixed) required minimal bundle weight.

Forr 3 0g%(5d.,) the optimal parameters are easily seen to be ¢ ‘=id ;I ; that is, any layer

min min

within the layer length tolerance can be accepted.
Additional requirements are needed to ensure that the problem is well-defined. The assumption

3 %

r
5d %

guarantees, for example, the existence of producible bundles. The following assumptions guarantee

finiteness of algorithm (A1) to (A6) and are not redundant:

% = 0, 0 <d
d

< d 0 < g < 5dut, @
r £ gi+1_g <dmax r, i:0,1,1/4,4

min max’
min
The restrictions in (1) describe a linearly bounded partly open, partly closed set of feasible points

(0q, ¥4, q4) . Existence of optimal points is therefore nontrivial; see section 4.

3 Mathematical Model
As motivated above we assume now that the layer lengths L and corresponding weights W are inde-
pendently and identically normally distributed, i.e.
L~N(rq_,sf), W=r L, W~N(rT\N,36v),
with mean value ny,, = m r and standard deviation s, = S I . The density of the random variable

W thenis

_lg¥—Mys?
j() = —E—xe?ow?

Sw~/2Pp

and the accompanying distribution function is defined by the following expression:

F (x) = X"(u)du - 18 ares
_SJ 28 gsW[Zm




F (x) isthe probability that a layer picked at random has weight X at most. Here erf(®) denotes the

error function closely related to the Gauss error integral:

X
erf(x) = %pxc‘ja—tzdt
0

The probability that a gripped layer is accepted in step (A4), i.e. it has at least the weight Wtiarg and its

length lieswithin the tolerance interval [, O]+ iS:

P(Wiag) = P(LT [dp O] UW3 Wiag)

= P(WT [max{d ", Wigg}, A 1) @
i0 if wtiarg3 A

i .

TF(dpax!) — F(max{dminr,w{arg})otherwise

The acceptance probability p(®) iscontinuous on IR, but the derivative of p(*) has jump discontinui-
r and d, I - The minimum weight a layer must have to be acceptable as layer i in step

tiesin dy,

(A4) of the algorithm is W{arg and it depends on the weight of the already accepted layers

—— ; — o i—1
tharg = O Wiarg -~ G- QA K = 1Wk- 3
Let Al=Ai(g,%,g)l IR denote the set of acceptable tuples of layer weights

(wy, Ya,w)TT IR, ie

Al = [max{d ., g}, Araxl ] = [G1 O]

—_ ——

N i—1
. ~ ~ | u
AI = (Wl’ 1/4, WI)T (Wl’ 1/4, WI _1)T I AI _1, WI I maXi dmmr y gl - é. Wkg, dmaxl':|
T k=1

i =2345

From the above definition of Al (or the definition of the algorithm in section 1) we conclude

i-1
g1 £ @ W
k=1
which together with (1) implies
i-1
[o]
G-a W £ G-9_1 < Opaf
k=1

i
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such that the Al have nonempty interior, are closed and linearly constrained, in particular convex
(LEIED).
X; denotes the random variable which describes how many randomly picked layers have to be tested

until one is accepted at the ith location of the bundle. W{ probability density function

arg (
j tag - IR ® [0, 1]) istherandom variable whose realization is Wi, . The probability distribution of

the discrete random variable X; , for given value W{arg , isthen given by the following expression.

P(Xl = J ‘W{arg = Wtiarg) = [1_p(Wtiarg)]j_1p(W{arg)! JT IN

Summing over | gives

¥

) . . . ) . 1
E(Xi‘tharg = W{arg) = é. ) ><P(xi =1 ‘tharg = W{arg) = i (4)
i=1 p(Wtarg)
and the expectation value is given by the integrals
1
E(Xy) =
1 F(dmaxr) _F(gl)
g () 4 4 () % - oA | ©)
E(X ,q,) = & i g i =1,234
O (Wy) X j (w;)dA!

Al
The formula for E(X;) can be concluded directly from (4) with (2) and (3), since the only possible
value of Wtiarg is g; inthiscase. The formulafor E(X; , ;) results from the following consideration.
The observed weights (W4, ¥4, w;) of layers aready accepted by the algorithm are realizations of an

I -dimensional random variable (W;, ¥4, W,) . The corresponding density is given by

J (wy) ¥ %) (w;)

. . for wy, Vo, w1 Al
Y (wy, Ya,w,) == O (W) x¥a xj (w;)dA!

i
} 0 otherwise.

Then by definition the expectation value E(X: , ;) isgiven by

dAi

§ (W) g () X
E(Xiv1) = (‘)[E(Xi‘wtiarg = W{arg) XY (W, Va, w;)] = & P targ
) g (W1) ¥4 (w;)dA
Al




which proves (5). For an explicit description of the E(X;) see section 6.1.

It is far from obvious that the above expressions are well-defined. The constraints g; , 1 — G < 0"
(see (1)) comeinto play here. The estimate W{arg =0g- é :(_:11 W, £ g—0g_; < " shows
that the lower integration limits max{ d_,.r, Wtiarg} never coincide with the corresponding upper lim-
its. For the same reason probability p(W{arg) is always positive. Thus, all denominators are positive
and the expectation values E(X;) are well-defined.

Incase ¢ = g _,+d,f forsomei (LE£i£5) theweight limit g is not significant since any

min

layer within length tolerance [d,;,, d,,5] IS acceptable. In analogy to (4) the expectation reduces in

min?
this case to
. 1
i o . . )
E(Xi‘W{arg = dminr) = al ><F)(Xi :”W{arg = dminr) = T
j=1 P(drinf)
Our aim isto fix the real parameters g,, ¥4, g, such that the expected number of layers needed for the

composition of abundle becomes minimal. This can now be formalized as the following nonlinear opti-

mization problem.

Optimization Problem

For fixed real numbers d ., Oaxs 72 05 and @y = 0 with 0 <d,;,, <d 5 ad 0<g5 <5d [

minimize the objective function

5
WG O, 05 90) = & E(X)
i=1

L

Q ! B B B P @

(6)

donf £ G.:1-6 < dox'

max” !’

i =0,1%,4

on min

DO0000 g

IS

O

Il
— — i — — — — — —
ho) —— —1<\ — ] — c:

where E(X;) isdefined asin (5) or (9) to (12).



4 The Objective Function
Numerical optimization methods are, asarule, more efficient if far-reaching requirements on the objec-
tive function (continuous, differentiable) and the feasible point set (bounded, closed) are fulfilled. We

therefore check the objective function for some of these propertiesin the sequel.

Differentiability

The objective function W is continuous on C since p(3) is positive on C. Furthermore, W is positive
on C and it can even be shown that E(X;) > 1, since the integration limits do not coincide, the func-
tions| (*) and p(*) are positive on the domain of integrationand p(?>) <1 onC (i = 2,3,4,5).To
investigate the differentiability of the function W with respect to the variables g4, ¥4, g, turns out to
be much more difficult.

Let ustakeacloser look at E(X;) . For the partial derivative of the inner integral of the denominator of

E(X3) with respect to g, we get

O [ . .
) ) I — (w —-w)ifg>w,+d . r
ﬂi 6 J (W]_)J (Wz) sz - i J ( 1)] (92 1) - gZ 1 min
% i 0 if g, <w;+d.r
|

max { Al G — W1}
This follows from Leibniz' rule for the derivative of an integral with variable integration limits (see
section 6.2). Since we get different limits for the two cases the integral does not have a continuous
derivative with respect to g, and it seems reasonable to suspect that W is not differentiable.
However, a detailed examination showsthat W is (totally) differentiable in contrast to this expectation.
Thisis aresult of the fact that the jump discontinuity in the derivative of the integral with respect to
0, issmoothened by the following integration with respect to w (!!). We get:
L emma 1 The objective function of problem (6) is (totally) differentiable with respect to the parameters
G,i =1,%,4. The set of all feasible points is bounded and the intersection of a finite number of
partly open, partly closed half-spaces.

The proof of Lemma 2 is presented in section 6.3.



Existence of Minima

Since the constraint set C of our optimization problem (6) is not compact existence of optimal points
cannot be guaranteed at this point. The problem isnot just theoretical: If an optimization algorithm gen-
erates a seguence @” = (90,90, 959D, n Of parameter values approaching a point

lim ¢" = (f:]* T 1IC on the boundary of C, the expectation value E(X;) is not defined for the limit
n® ¥
>k

g ,if nIi@m}é(g{‘—g{‘_l) = Ayl » 95 °= 0 holds. In this case p(g* —Wi,,) = O would appear in
the denominator of equation (5). In this section we prove that the level sets of (6) are closed which
guarantees that the problems sketched above cannot occur and that optimal points exist.

Let us try to understand the situation intuitively: With weight limits ¢, ¢" ;,

g'»dl +a' g <dr +9" and accepted layers with weight wf, %, w" ; and

o i—1

. 1an —g"_; » 0 atested layer must weigh almost exactly d, I to be acceptable aslayer i in
J =

this situation: A weight above d I is not acceptable because the length tolerance criterion is vio-

lated and only aweight closeto d ., I guarantees é' 1an 3 g". This means that on average many
J =

layers have to be tested until one is acceptable as layer i. On the other hand the situation

o i—

a

or not. The precise answer is given in the following

. 11Wj” » g, itself isunlikely and intuition is not reliable to decide whether E(X) remainsfinite
J =
Lemma 2 Let @” = (9, 99, 95, 9)),,; n Peasequence of feasible parameter values. If there exists at
least oneindex i with lim (¢"—g"_;) = d,,r where ¢f ‘= 0 the sequence of the objective func-
n® ¥
tion valuesisunbounded: lim W(g?, ¢5, ¢, ¢]) = ¥.
n® ¥

A detailed proof of Lemma 2 is given in section 6.4.

5 Numerical Solution of the Optimization Problem
The two main problemsin connection with the numerical treatment of the optimization problem (6) are
(i)  thenumerical evaluation of the objective function;

(i)  the choice of a suitable optimization algorithm.

10



5.1 Numerical evaluation of the objective function

To evaluate the objective function (6) a multidimensional numerical integration method is required.

This could be based on recursive application of the following one-dimensional quadrature formula.

biby(x1)  an(Xy, ¥4, X_1) b,
OO0 % O flxp ¥, x)dxVadx; = Ag(xy)dx,
a185(X1)  an(Xq, Ya, Xn_1) a

by(X)  bn(Xy, ¥4, X,_4)

a(xq) = O ¥ 0O f(x)dx, Y4 dx,

(7)

ay(Xy)  a(Xq, Ya, Xy_1)

However, since the numerical effort grows fast for increasing n, even for smooth functions and adap-
tive knot choice, this method suffers from inefficiency. Furthermore, error bounds are not transferable
to the recursive case from one-dimensional quadrature methods directly, since the function g(X;) in
formula (7) itself can only be approximated and cannot be determined with machine precision. In prac-
tice this leads to slow convergence. Therefore one might prefer the exact quadrature of alinear or sec-
ond order approximation of f(X;, ¥4, X,,) , if no high precision is demanded.

There also exist algorithms for multiple integrals analogously to the development of adaptive quadra-

ture methods for one-dimensional integration. But here the following difficulties arise:

* Asarule, multidimensional numerical integration methods are formulated only for special integra-
tion areas e.g. for rectangular areas. IMSL® [11] offers only the possibility to calculate integrals of
the form O: (‘SZ(X) f(x, y)dydx or (5 Yy é:f(xl, Ya, X, )OX YadX, .

1 a(X) 1 n

» Adaptive multidimensional integration methods which allow areliable error estimation are offered
only in few, mostly commercial, numerical libraries (e.g. IMSL®).

» Thevalue of the objective function on the given integration area cannot be determined directly with
any of the currently available numerical libraries.

For these reasons two different approaches were pursued and the results were compared to each other:

Romberg’s one-dimensional quadrature formula was implemented recursively as one approach and

aternatively algorithms from the class library Cubpack++ (Cools et al. 1994) were used because of

their easy applicability to areas with almost arbitrary boundaries.

11



Romberg’ s quadrature formula

When evaluating the objective function W (see equation (6)) by use of Romberg’'s one-dimensional

quadrature method for 1 C**2

[a, b], k3 0, the following estimate can be used to calculate an
upper bound of the error of the numerical integration, by means of Euler-Maclaurin’s summation for-

mula (Werner 1992, [10]):

b
G . \2k+3 |Bas g ) (2k+2)

0o x=Ta, b) £3(b-a)" " SETmax, (g 1P )

a
in which the term B,, , , isaBernoulli number, defined as coefficient of the power series expansion

X o ¥ XK
= — < i

o1 Qo oBg M<2p

Unfortunately, thisresult is not valid for the case of the multidimensional (recursive) integration.

Adaptive quadrature / cubature by means of DQNC79 and Cubpack++

As an alternative to Romberg’s quadrature method, the integral (9) was evaluated by applying routine
DQNC79 of the SLATEC numerical library. (More precisely: The FORTRAN code of DQNC79 was
translated by f2c into C.) Thisis an adaptive quadrature method based on a 7 point Newton-Cotes for-
mula. This way the quadrature error and the number of the function evaluations could be checked pre-
cisely.

The C++ class library Cubpack++ [4] provides the user with routines for automatic cubature. By the
object-oriented implementation of Cubpack++ thislibrary isnot static but can easily be enlarged. Those
areas which are not included in Cubpack++ yet can simply be added by inheritance. For these areas the
user must carry out a transformation of the integral on an areafor which a cubature formula exists.

For these reasons the integrals (9)-(12) were evaluated by a combination of Cubpack++ and DQNC79.

5.2 Optimization

As seen the optimization problem (6) has a differentiable objective function, is linearly constrained
with partly closed (£), partly open (<) constraints. In view of Lemma 2 (closed level sets) descent algo-
rithms are therefore appropriate for the problem. Since derivatives of the objective function are expen-
sive to evaluate (see the preceding section) we prefer methods that make no explicit use of derivatives.

This leaves methods with no assumptions about differentiability at all like simulated annealing, genetic

12



algorithms, methods of Hooke and Jeeves, Nelder and Mead etc. and methods that assume differentia-
bility in their philosophy but do not demand evaluation of derivatives explicitly (conjugate directions
algorithm by Powell).

As starting point we used the parameter set used in the plant before this investigation

(01 9 G Gy) = (4800g, 9900g, 14950g, 200000) ®
if (él, dz’ 63 é4)T C. Alternatively starting parameters were chosen according to the following

scheme

(Oy. O G, @) = (5000g — 4w, 10000g — 2w, 15000g —w, 20000g), w i 0% 50g.

The experience from our numerical investigations can be summarized as follows: the conjugate direc-
tion method of Powell as described in [1, pp. 464-467] and Hooke and Jeeves [7] gave acceptable
results with the least cost. The Downhill-Simplex-Method by Nelder and Mead [8] aso gave acceptable
results but needed around 50% to 150% more (costly) function evaluations; simulated annealing was
even slower with afactor of 10 for the number of necessary function evaluations.

We also experimented with algorithms that use gradient information and approximated the gradients
numerically. Altogether our experience with numerical approximation of gradients was not encourag-
ing for this particular objective function.

Extremely important for practical applicationsis agood knowledge of the sensitivity of optimal param-
d

eters from possibly varying input parameters. While d and the mean n,,, are constant over

min’ “max *
longer periods of time, S\, and I sometimes vary within hours. The table in fig. 4 demonstrates that
the values of the minimum of the objective function change rapidly with changing values of s,,, and

I . We discuss the consequences of this observation in the following section.

13



Result of optimization

1000,0

100,0
= ‘\"‘-t —
10,0 | - T

Values of objective function

Lo 11,5 11,6 11,7 11,8 11,9 12,0 12,1

sigma = 5,0 305,9 50,8 14,5 6,9 5,2 5,0 5,0

— — sigma=7,5 57,3 21,1 10,5 6,8 55 5,2 5,2
————— sigma = 10,0 35,2 16,6 10,0 7,1 6,0 5,7 5,7
sigma=12,5 30,6 16,1 10,4 7,8 6,6 6,3 6,3

- = = =sigma=15,0 30,0 16,7 11,2 8,6 7,4 7,1 7,0

Specific briquette mass

Fig. 4. Objective function minimafor varying specific briquette mass and standard deviation of the layer

length and default parameter settings 1, = 47mm, d,,,, = 409mm, d__ = 441mm

min
5.3 Interpretation

As seen above an optimal parameter set (g,*, 0,", 05", g,") alows for a significant increase in bri-
guette production output. At the same time the optimal parameter set is highly dependent on parameter
values like Sy, and r . This means that even minor changes in these parameters may result in signifi-
cant production losses unless the parameters (Q;, 0, 03, 0,) are also readjusted.

This leads to the following important recommendation: If parameters r and S, change the weight

limits should be readjusted with the help of a computer-aided system or look-up table.

14



In the following we check alternative approaches.

100 5/‘* |
s, = 5mm -

okF— — — = — - - - - — §|_ — ZLsm_m_

s, = 10mm
O —— — pF— — — — — — =4 =]
S = 12,5mn]

TOp — = o — — e e e

/ S| = 15mm
60

50

40

Production output [%]

30
11.6 11.7 11.8 11.9 12 121 12.2 12.3
Specific briquette massr

Fig. 5. Maximum production output for different values of S| and for
optimal I and weight limits (Q;, Gy, O3, G4) , depending on specific
briquette mass I' . Lower and upper length limit were chosen as

dpin = 409mm, d,,, = 441mm.

I, can be controlled by awell performing 3-point briquette thickness control at the briquette presses.
We therefore examined how the values of the objective function are influenced by the mean layer
length . The maximum attainable packing quota can be seen in fig. 5. It is obvious that a good
choice of the mean layer length is very important for a good production rate. However, this again is no

longer true for a non-optimal choice of the weight limits.

100 |

90'5,_—=—5mm ——————— _—

8F — — — 4 — | — — — — = — — — -

ok — —/— —f
60
50

40

Production output [%]

|
|
|
|
|
|
L

30
11.6 11.7 11.8 11.9 12 121 12.2 12.3
Specific briquette massr

Fig. 6. Maximum production for optimal I7"| without weight control,
depending on specific briquette mass I' . Lower and upper length limit

werechosenas d;, = 409mm, d .. = 441mm.
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Therefore, we examined the results that can be achieved if there is no weight control of single layers
and the mean briquette thicknessis controlled instead. The attainable packing quotas can be seen in fig.
6. In specific situations the strategy “ Bundling without weight control” proves to be competitive to the
quality surveillance procedure based on a check of single layer weights. Furthermore the strategy isless
dependent on changing production parameters.

These calculated optimal values of the reference value setting, presented in fig. 7, have the feature of
being almost independent of the scatter of the value s, of a certain production unit. In addition, to
guarantee a nearly optimal production output, it is sufficient to adjust the reference value at the center

of theinterval, limited by d,, and d as long as the specific briquette mass doesn’t fall below 12

max ’

g/mm.

47.9

47.8

4

47.7

47.6
reference value

475 in the centre of

47.4

[d
473 <

47.2
11.6 11.7 11.8 11.9 12 12.1 12.2 12.3

Specific briquette massr

min’ dmax]

Optimal referencevalue

Fig. 7. Optimal setting of the reference value in dependence of the spe-

cific briquette mass I' . Lower and upper length limit were chosen as

dmin = 409mm, d, 5, = 441mm

min
This may even lead to the recommendation to run the production without weighing each layer if pro-

duction parameterslike r and s vary strongly and if the parameters g,, ¥4, g, cannot be held opti-

mal or nearly optimal at all times.

6 An Extended Leibniz Rule, Proof of Lemmal and Lemma 2

6.1 A detailed representation of the expectation values

The following equations are required in order to fully understand why we have to extend Leibniz’ rule.

Therefore we present the expectation valuesin (5) in detail:
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maxr

NEECAEDY
0 g? p(p—wy)  * %) e (w,)
E(X.) = il = E(X,)x A ————— dw 9
R Y7 Op(g—wy) *
0! (wyp) dw, &
¢]]
d..r (o I .
el i (Wi (w))
d O S dw,dw,
E(X ) = 9 max{ dminr1 gz_Wl} p(93 ' 2) (10)
3 dmaxr dmaxl'
0 0O J (wp)j (w,) dw,dw,
gl maX{ dminr1 gZ_Wl}
dma\xr dmalxr H : 1
VR J (Wi (wp)j (ws) dw s dw,
. ; P(g, —Wq —Wy —W3)
() = Spmeliurgoosd w
o ¥ O 1 (Wi (wy)j (w3) dwi/a dw,
0] max{dminr’g3_W1_W2}
dmaxr dmaxr H i i i
RO KO AR UATY
P(g5 — Wy — W, — W3 —W,)
Exp) = -ttt o] =
O ¥ O 1 (wpi (Wy)j (wy)j (w,) dwy/a dw,

G max{ dpinl s Gy — Wy — W, — W3}
6.2 Leibniz Rule
To prove the differentiability of the target function W of our optimization problem it would be helpful
if differentiation and integration could be interchanged. But the classical Leibniz’ ruleis not applicable
here, because the assumptions usually made do not hold. We therefore state an extended Leibniz’ rule
here with weaker assumptions which simplifies the proof alot.
Lemma 3 (Leibniz Rule [6]) Let f:D® IR have continuous partial derivatives on
D =[ab] " [c,d].Ifthecurvesa :[c,d]® IRand b :[c,d] ® IR are continuously differen-

tiable and the valuesof a and b arein [a, b] then the following identity holds:

b(c) b(c)
% O f(9. 9)dg @%f(g, g)dg + b'(g9)f(b(g), g) —a'(g)f(a(g), 9)

a(g) a(g)
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Lemma 4 (Extended Leibniz’ Rule[5]) The function f : IR ® IR, f = (g, ¢), be continuous with

respect to the variables g and g and have a continuous partial derivative % for c—g £k and for

g-g3 k, kT IR. Thus, there may be a jump discontinuity of the partial derivativefor g— g = k.
i

Then 6f(g, g)dg has a partial derivative with respect to ¢. The derivative 19 is a continuous func-

tion and the following holds:

b b
il dg = AVf(g. g)dg.
ﬂggj(g, g)dg Sﬁ(g, g)dg

6.3 Proof of Lemma 1
Lemma 1 The objective function of problem (6) is (totally) differentiable with respect to the parameters
G.,i =1,%,4. The set of all feasible points is bounded and the intersection of a finite number of
partly open, partly closed half-spaces.
Proof The properties of C follow directly from (1) and (6). The continuity of W has already been
shown. We prove now that all E(X;) have continuous partial derivatives for all G-

For E(X;) thisfollowsfrom

T gy = i ()
T, Y [F(dpet)—F (g2

Let us now look at the partial derivatives of E(X,). With Leibniz’ rule (section 6.2) we get

maxr

ﬂ _ ﬂ % A J(Wl) d — X&
ﬂ—glE(XZ) ﬂ—glE(Xl) g?p(gz—Wl) e E(X) P(h—0)

Since @g,-@;<d,,¢ the denominator p(g,—¢g;) is positive. From (1) follows
O, —W; £0,— 0y <5 suchthat p(g,—w;) ! O intheintegration areaand the integrand is well-
defined and continuous: E(X,) has a continuous partial derivative with respect to g; .

Because of the jump discontinuity of fp(g,—w,) €90, in g,—w; = d_;,I Leibniz' rule is not
applicablein deriving fE(X,) £1ig, . The extended Leibniz’ rule (Lemma 4, section 6.2) is applicable,
r and

though, since fIp(g, —w;) £1g, is continuous for g, —w, £d.r and for g,—w, 3 d

min min

despite the discontinuity of p'(>) we get the continuity of
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*"j (w)p'(g, - wy)
[p(g —w;)]?

." o E(Xp) = —E(Xl)

I8

on C.Sincew; >¢g,—d.;,/ impliesp'(g,—w;) = O weeven have

mln{ dmaxr1 gz_dminr }

G0 S EX) g

(W) (Gp-wi)
[p(g, —wy)]?

I8

Thus the partial derivatives of E(X,) are well-defined and continuous.

Let us now consider the partial derivatives of E(X3) . As above TE(X;) £1g; is seen to exist and be
continuous. Next consider fE(X;)tfg,. Despite the discontinuity of the derivative of
max{d. ., & —w;} for g, = W, +d,I the extended Leibniz' rule is applicable again which

gives us continuity of

Sl W) (W)
T . < 1 2
o dw,dw
g, O O pgg-w-wy 2 *
gl max{ dminr ’ gZ_Wl}
Ol (o Iy . .
_ 1 - J(wy)j (wy)
= I dw.,dw
0 1g, 0 p(gs—wWy —w,) 2 1
gl max{ dminr ) gZ_Wl}
d .r
max . d ’
-~ 6 ﬂimax{ dmln ng Wl} X J (Wl)J (max{ Eln gz Wl}) 1
o% gZ p(gg_Wl_maX{ min ’92 Wl})

Similarly the continuity of the partial derivative of the denominator is seen and %E(XS) is

continuous. Again the derivative can be further simplified:

dmaxr dmaxr H H mn{ dmaxr 1 gZ dmln }
R S )i wy) o T (W) (Gmw)
fig, O O plgg-w,-wy) 2 * 0 p(G-0)
G max{dyr, & —wi} G

Let us now look at the partia derivative of E(X3) with respect to g5. Discontinuities of p'(>) are
causing problems again. The derivative p'(®) is continuous except for the points Wtiarg =d,,r and
Wtiarg ‘= d o Where p'(>) hasjump discontinuities. Because of the integration limitsin the numera-

tor of E(X3) we get

O3=Wq =W, £03-0y — (G —Wq) = (83— 05) — (0 = Wq) < ¥ (13)
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from (1). Therefore the upper jump discontinuity is not relevant here, but g; —W; =W, = dy,f is
not excluded. The assumptions of the extended Leibniz' rule are valid with a discontinuity of

P(g3—W; —W,) in g3—W; =W, = d.;,I which proves continuity of

(o I ¢ Ol

1 - J (wp)j (wy) dwodw
g, O O plgg-w-wy) 2 H
G max{ dminr ) _Wl}
(o I (o INE 4

. J (W) (Wo)p'(gg —wWy —W,)
[P(gg— Wy —W,)]2

9% max{ dminr ' & _Wl}

Defining ad hoc a modified integral operator

b

Iop _
a } 0 otherwise
we can further simplify this:
(oINS (o IS . .
" " J (wy)j (wy)
— A ~ dw.,dw
fg; O O  plgg-w,—wy) 2%

0 max{d,r,g—w;}
dmaxr min{ dmaxr ’ gG_Wl_dminr } i . .
N . J (W)j (Wp)j (gg—W; —Wy)
O 0 [P(g5 Wy —W,)]2
G max{dyl, & - Wi

dw, dw,

Equation (13) implies that the denominator of the integrand is positive and the integration interval of
the inner integral is nonempty.
The differentiability of E(X,) and E(Xg) isseenin analogy. a

A list of the derivatives can be obtained from the authors on request.

6.4 Proof of Lemma 2

Lemma 2 Let @” = (9, 99, 95, 9)),,; n Peasequence of feasible parameter values. If there exists at
least oneindex i with lim (¢"—g"_ ;) = d,,r where ¢f ‘=0 the sequence of the objective func-
n® ¥

tion valuesisunbounded: lim W(g?, ¢5, ¢, a]) = ¥.
n®

Proof Welook at thecasesi = 1, 2 etc. successively.
(i) i =1:From lim g} = d, I followsdirectly
n® ¥
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lim E(X;) = lim L - L =¥
Ne ¥ N® ¥ F (e ) =F(0))  F (At ) - lim F (a)
n® ¥

Thus, the expectation value E(X;) isunbounded and so is the objective function.

(i) 1 = 2: Without loss of generality we may assume nIi®m¥ gl t dr since otherwise we could
argue as in case (i). In the following we therefore assume nIi@maég1 = 0, <d gl ad
0" —0;" = dy - The function F (X) is Lipschitz continuous with respect to the constant

L = 18(s/2p), ie [F(X))—F (%) EL[X;—X,|. With the auxiliary variables

M= (‘ﬂmf"*:i (w)dw, m:=min{j (W)[wT [dynr, dpal 1} we get:

el .
-1 (wy)
Opgg-w) +  dwr
E(Xp) = gg p 8 g 0O @ )dW1

max p —-W
N (w,) dw o =
(@) 1 1
o

- (4

m . 1
M g?F(dmaxr)—F(max{dmmr,gg—wl})
maxr

dw;,

d

s M Sw+/2p

M g?dmaxr _max{dminr’gg_wl}

dw;,

The last inequality in (14) results from the Lipschitz continuity of F (X) . Splitting the integra-

tioninterval at min{ d,r, 95 —d,r} alowsfor anexplicit solution of the integrals:
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@in{ dmaxrf gg _dminr }
me Swﬁp

E(%) 2 é dw,
O " . ﬁ 5
+ o) w~ <P dwli
Min{ dyal , 68 — Aoyl } Amax! — Max{dnr, 95 —wy} p
ms WA/Z3 Min{ dygel > 98 — Ayl }
= T?‘i’n(d a5
+dmaxr _min{ dmax ) 92 mmr}o
dmaxr - dminr 1]
ms y~/2p

= (N (A = (@ = MIN{ Ol = G 1)) = IN(Gr = (63— 6))

+mSW“/Z) xdmaxr _min{dmax ’92 dmln }
M do! —dinl

Because of our assumption lim (g5 —qf) = d,, I there exists for every €>0 an index
n® ¥

max min

Ng = Ny(€),suchthat d. . r — (05 —¢af) £ € foral n3 ng. Inserting thisin (15) gives us:

MS /2P
E(X,) 3 —(| (! — (98 = min{d, 51, 83 —dpyinr 1)) — In(e))
max min

Since € > 0 can be chosen arbitrarily small we have a divergent minorant and thus

lim E(X,)3 lim e(e) = ¥.
B-® dol e® 0t
n® ¥ n3 n(e)

(iii) i3 3:Without loss of generality we assume nli@m¥gg 1 d, ad nli@m¥(g|?—gﬂ_l) !
k = 2,%,i-1; otherwise case (i), case (ii) or case (iii) for i — 1 would apply. Construction
of a divergent minorant is similar to case (ii). Since the observed weights (W, ¥4, w; _;) of
layers already accepted by the algorithm are realizations of an (i — 1) -dimensional random vari-
able (W;,%,W,_;) we can define a further random variable Wg as the sum
Wg =W, +% + W, _, . Therandom variable Wg = Wg(cf, ¥4, g"_;) describestheweight
of i—1 stacked layers. Let | g(W) =] g(w, 0f, %, g"_;) denote the density of Wq.

Because of the assumption lim g?l Aol » M (QR—0f_ 1)t dpl - K = 2,%,01 -1,
ne® ¥ n® ¥
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and the properties of any probability density function we have j g(w) 2 O, §¥j s(waw =1

and there exists for every € >0 anindex n, = ny(€), such that

Imin{j s(w, of, ¥a, g )|WT [g_q, (i —=1)dpr 1}
—min{j s(w, g*, ¥4, g _¢")|wl [gi_l*,(i—l)dmaxr]}‘Ee
for all n3 ng. With the auxiliary variables

(i = 1)
M, = 0 j s(Wwaw£1=M
gy

2m:=min{j g(w, 91*,1/4,gi—1*)“’vT [6_1" (i-1)dpr]} >0

e=m
E(X:) can be reduced for amost al indices nT IN to the following expression:

(i-1)dpar .
. J s(w)
) p(gn _W) (I - 1)dmaxr 1

EX) = e "y 0 o dw
maxl =op(g-w)
O Jsw)adw g1 (16)
g
(i=1) At
3 m b SG@ dW
M g_no Aot — max{d.,r,g"—w}

The last inequality in (16) results from the Lipschitz continuity of F (X) . Splitting the integra-

tioninterval at min{ (i —1)d,"» 9" —dir } alowsfor an explicit solution of the integrals:

min
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in{ (i — 1) Oy G — il }
ag Sw/2p

E(X) @ D¢ A dw
i Mg 901 Opax” — max{ d,,r, g"—w}
i-1 dmax
. (| )6 r SW@ dvvg
n_ -
— mSW/\/Zip@n(dmaxr _(g _ mln{(l 1)dmaxrfgin_dminr}
M
) ) (17)
+(|—1)dmaxr —min{ (i —=1)d,,', mlnr}o
dmaxr _dminr %]
MS /2
= WTﬂom(dmaxr —(@"—min{ (i—-1)d, 51, g"—d .l }))
2
_mSWTﬁ)m(dmaxr —(g"-g" 1))
+msW@ (=1 dp " = min{ (i = 1) G — Al }
M dmaxr _dminr

In analogy to case (ii) it is easy to verify that the term —In(d,,, r —(g"—¢" ;1)) in (17) is

unbounded for lim (g"—g" ;) = d.! - Thus, the expectation value is unbounded, i.e.
n® ¥

lim  E(X) = ¥.
ne® ¥

gin - gn—l ® dmaxr

To summarize we can say that the objective function is unbounded, if lim 91 = r or
ne ¥

max

lim (g"—g" ;) = d, " forasuitablechosenindex i I {2, 3,4,E} holds. a
ne® ¥

7 Conclusions
We analyzed how with a minimum of raw material input brown coa bundles of a given minimum
weight can be produced. In afirst step we modeled the relevant part of the production facility and for-
mulated the problem as a mathematical optimization problem. Next we analyzed the objective function
for differentiability and proved existence of minimum points. Finally, the problem could be solved
numerically. A sensitivity analysis showed that optimal parameters may depend strongly on material
and system parameters. Therefore frequent readjustments are necessary if material and system parame-

ters change. As an alternative approach we discussed a weight control via the mean thickness 1T, and
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without weighing each layer of abundle. The proposed actions lead to a significant improvement of the

facilities overall performance. This would not have been possible without an in-depth mathematical

analysis.
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